Abstract. For a given m ≥ 1, we consider the finite non-abelian groups G for which |CG(g) : g | ≤ m for every g ∈ G Z(G). We show that the order of G can be bounded in terms of m and the largest prime divisor of the order of G. Our approach relies on dealing first with the case where G is a non-abelian finite p-group. In that situation, if we take m = p k to be a power of p, we show that |G| ≤ p 2k+2 with the only exception of Q8. This bound is best possible, and implies that the order of G can be bounded by a function of m alone in the case of nilpotent groups.
Introduction
Given a non-abelian group G, it makes sense to impose restrictions on the centralizers of non-central elements, and ask what the effect is on the whole of G. For example, we may ask what happens if we require that |C G (g)| ≤ m for every g ∈ G Z(G). In this case, one can quickly bound the orders of the Sylow subgroups of G in terms of m: consider separately the cases where a Sylow subgroup P is central or not, and in the latter case, observe that the order of a maximal abelian subgroup of P is bounded. Consequently the order of G can be bounded by a function of m.
A more interesting, but no less natural, restriction arises if we take into account that every element commutes with itself, and put a bound on |C G (g) : g | as g runs over G Z(G). Let us define the maximum centralizer index of a non-abelian finite group G as mci(G) = max{|C G (g) : g | | g ∈ G Z(G)}.
Then the goal of this paper is to get bounds for the order of G under the condition that mci(G) = m. One cannot bound the order of G by a function of m alone in this case; for example, if G is non-abelian of order pq, with p and q primes, then m = 1 but |G| is unbounded. However, as we next show, it is possible to obtain interesting bounds for the order of G by introducing other parameters or by restricting the class of finite groups under consideration.
As with the restriction on centralizers mentioned in the first paragraph, the strategy is to try to bound the orders of the Sylow subgroups. Thus we begin by considering finite p-groups. Since mci(G) is obviously a divisor of |G|, in this case we have mci(G) = p k for some k ≥ 0. Rather than contenting ourselves with bounding the order of G, we have made an extra effort to obtain the best possible bound in terms of p and k.
Theorem A. Let G be a non-abelian finite p-group. If mci(G) = p k then |G| ≤ p 2k+2 , unless G ∼ = Q 8 . This bound is best possible.
From this result it readily follows that the order of G can be bounded by a function of mci(G) alone if G is a non-abelian finite p-group. We note that the proof of Theorem A depends to a great extent on the theory of p-central p-groups.
In the general case of a finite group, we can use Theorem A to get the following result, where we determine a subset of π(G) (the set of prime divisors of the order of G) that, together with mci(G), suffices to bound the order of the group.
for some function f 0 which depends only on m.
The subset π * can be analysed with the help of the prime graph of a finite group, which has been extensively studied in the literature. This leads to the following consequence of Theorems A and B, which shows that very few primes in π(G) may escape the control of mci(G).
Theorem C. Let G be a non-abelian finite group such that mci(G) = m. Then there exists a function f 1 depending only on m such that: Notation. We use standard notation in group theory. Also, if G is a finite p-group then Ω i (G) denotes the subgroup generated by the elements of G of order at most p i , and G p i is the subgroup generated by the p i th powers of all elements of G.
The case of finite p-groups
This section is devoted to obtaining a bound for the order of a nonabelian finite p-group G, given that mci(G) = p k . Actually, we will get the best possible bound in terms of p and k.
We begin with an easy lemma, where we describe all finite groups G for which mci(G) = 1.
Lemma 2.1. Let G be a finite non-abelian group. Then C G (g) = g for every g ∈ G Z(G) if and only if G ∼ = Q 8 or G is non-abelian of order pq, where p and q are primes such that q ≡ 1 (mod p).
Proof. If G ∼ = Q 8 or G is non-abelian of order pq with p and q primes, then it is clear that mci(G) = 1.
Let now G be a group such that mci(G) = 1, and let P be a Sylow psubgroup of G which is not central in G. If A is a maximal abelian subgroup of P , then A ≤ Z(G) and C G (g) = g for every g ∈ A Z(G). Thus we get the following:
It follows from (i) and [12, 4.4] that P is either cyclic or isomorphic to Q 8 . In particular, if G is a finite p-group then G ∼ = Q 8 . So we assume that the order of G is divisible by at least two primes. Let K be an arbitrary non-trivial Sylow subgroup of G. By taking (ii) into acount, K is not central in G, and so K can play the role of P in the previous paragraph. Hence |A : A ∩ Z(G)| is a prime for every maximal abelian subgroup A of K. But by (ii) above (corresponding to P ), we know that K ∩ Z(G) = 1. It follows that every maximal abelian subgroup of K is of prime order, and so K itself is of prime order.
Hence the order of G is square-free. By [11, 10.1.10] , G is the semidirect product of two cyclic subgroups of coprime orders. According to (ii), these two cyclic subgroups must be of prime order. We conclude that G is a non-abelian group of order pq for two primes p and q, as desired.
A key ingredient in the proof of Theorem A will be the theory of p-central p-groups. We recall the definition for the convenience of the reader.
Classical references for p-central p-groups are Buckley's paper [1] (where they are introduced only for p > 2, and are called PN-groups) and Laffey's paper [9] . We will need results about p-central p-groups from the recent article [2] by González-Sánchez and Weigel, who deal with a generalization of this class of groups.
The p-central p-groups are somehow dual to powerful p-groups, which are defined by the condition Theorem 11.15 in [7] ). We will need the following dual property of p-central p-groups.
and if we work with G/Ω i (G) instead of G, it suffices to prove that |Ω 2 (G) :
This follows immediately if we see that the map x → x p is a homomorphism from Ω 2 (G) to Ω 1 (G). This result is obvious if p = 2, since
Hence Ω 2 (G) has class at most 2, and exp
, and we are done.
After these preliminary results, we can now prove Theorem A.
Proof. Assume first that G is p-central, and let r be such that
Again by Lemma 2.3, it follows that
Let us choose an arbitrary element
Hence G p ≤ C G (g), and since mci(G) = p k , we have
Similarly,
and in particular (5) |Ω r (G)| ≤ p k+r .
Now we consider separately the cases
abelian p-group of order at least p 2 , and since
Consequently, we can choose g ∈ Ω r+1 (G) Z(G) in such a way that G p ≤ g Ω r (G). By (4), we can improve (5) to
On the other hand, if G p ≤ Ω r (G) then by (5) we can improve (3) to
Thus we can combine either (3) and (6), or (5) and (7), and then use (2) to get |G| ≤ p 2k+2 in any case. This completes the proof when G is p-central. Assume now that G is not p-central, and suppose that |G| > p 2k+2 . We are going to prove that G ∼ = Q
, which is not the case.
Thus (A∩Z 2 (G)) (A∩Z(G)) is not empty. Let t be an arbitrary element in that difference. Then
and in particular
On the other hand,
Since |G| > p 2k+2 , this implies that p = 2 and |G| = 2 2k+3 . Thus all inequalities in (8), (9), (10), and (11) are actually equalities. It follows that C G (t) = A, and consequently
, and
Since |A : Z(G)| = 2, we have A ≤ Z 2 (G), and any element of A Z(G) is a valid choice for t. Also,
and so G 2 ≤ C G (t) = A. If g 2 ∈ A Z(G) for some g ∈ G then we can choose t = g 2 , and g ∈ C G (t) A, which is a contradiction. We conclude that G 2 ≤ Z(G). Since G ′ ≤ G 2 , it follows that G is a group of class 2, and by (12),
In particular |G ′ | = 2 k+1 .
On the other hand, we have
by using that G is of class 2. Hence exp G = 4. Thus if we choose an arbitrary element g ∈ G G ′ , then g Z(G) is a normal abelian subgroup of G of exponent at most 4. By embedding this subgroup in a maximal abelian normal subgroup of exponent at most 4, we see that g can play the same role as t above, and in particular
by (13) . Since this holds for every g ∈ G G ′ , we conclude that G is a Camina group. Also G is a special 2-group, i.e. G ′ = Φ(G) = Z(G). We may then apply Theorems 3.1 and 3.2 of [10] , which are valid for Camina special p-groups, to get |G :
and necessarily k = 0. Hence mci(G) = 1, and G ∼ = Q 8 by Lemma 2.1.
(Alternatively, we get |G| = 8 from (14), and so
Now we present an example which shows that the bound |G| ≤ p 2k+2 in Theorem A is best possible. Example 2.5. Let p be an arbitrary prime, and let G be the group given by the following presentation:
Then |G| = p 2k+2 , Z(G) = a p , b p and o(g) = p k+1 for every g ∈ G Z(G). By using these facts, one can readily check that mci(G) = p k .
The general case
Now we deal with arbitrary non-abelian finite groups. We already know that it is not possible to give a general bound for the order of G in terms of mci(G) alone, and so our goal is to try to obtain bounds by incorporating other parameters. Contrary to the case of finite p-groups, we will not try to get best possible bounds.
First of all, we use Theorem A to obtain a bound for the order of a non-abelian Sylow subgroup. Proof. Let P be a Sylow subgroup for the prime p, and let k be the integer part of log p m. Since mci(P ) ≤ mci(G) and p k ≤ m < p k+1 , it follows that mci(P ) ≤ p k . If k = 0 then P ∼ = Q 8 by Lemma 2.1. Otherwise we have p ≤ m, and then by applying Theorem A, we get
It immediately follows that a bound in terms of mci(G) alone exists for nilpotent groups, i.e. part (i) of Theorem C. Proof. Let P be a non-central Sylow subgroup of G. Since G is nilpotent, we have G = P × H for some subgroup H of G. Then P is non-abelian, and |P | ≤ 8m 4 by Proposition 3.1. On the other hand, since P is non-central and mci(G) = m, it follows that |H| ≤ m.
The obstruction to get a bound in terms of mci(G) alone in the general case is that there may be 'bad prime divisors' of the order of G which cannot be bounded by a function of mci(G). Let us make this precise. Definition 3.3. Let G be a non-abelian finite group, and let p be a prime divisor of the order of G. We say that p is a bad prime for mci in G if a Sylow p-subgroup P of G is of order p and C G (P ) = P Z(G). We write π * (G) for the set of bad primes for mci in G.
Observe that if p ∈ π * (G) then C G (P ) = P × Z(G), since otherwise G is abelian. The following result is straightforward.
Lemma 3.4. Let G be a non-abelian finite group, and let H be a non-abelian subgroup of G. If p is a prime divisor of the order of H which is a bad prime for mci in G, then it is also a bad prime in H.
We are now ready to prove Theorem B.
Theorem 3.5. Let G be a non-abelian finite group such that mci(G) = m. Then
where f 0 (m) is a function depending only on m.
Proof. It suffices to prove that, if p ∈ π * (G) and P is a Sylow p-subgroup of G, then |P | is bounded by a function of m (take into account that this also implies that the number of primes outside π * (G) is bounded in terms of m). If P is not abelian then |P | is bounded by Proposition 3.1, so we assume that P is abelian. In particular, we have P Z(G) < G. Let us choose an arbitrary q-element x ∈ G P Z(G), for some prime q = p. Then
Now, since p is not a bad prime, we have either |P | ≥ p 2 or P Z(G) < C G (P ).
In the latter case, we can choose x in C G (P ), and then |P | = |C P (x)| ≤ m by (16). Thus we assume that P Z(G) = C G (P ) and |P | ≥ p 2 . Then C P (x) < P , and we can choose a subgroup D of P such that |D :
since P is abelian, and consequently
If C P (x) = 1 then we get p ≤ m from (16). Otherwise we have |D| = p, and consequently |P : D| ≥ p. By (17), we also get p ≤ m in this case. Thus (18) yields that |P | ≤ m 3 in any case, and we are done.
Our final goal is to see that there are only a few primes in π * (G). We need a couple of lemmas. The first one shows that π * (G) ⊆ π * (G/Z(G)), and that we can reduce to groups with trivial centre. Lemma 3.6. Let G be a non-abelian finite group such that π * (G) is not empty. If p ∈ π * (G) then the following hold:
Proof. Write G for G/Z(G). Let P = x be a Sylow p-subgroup of G, and choose y ∈ C G (P ) with y = 1. Then [x, y] ∈ Z(G), and consequently
Since y p is a p ′ -element, it follows that y p ∈ Z(G). Thus y is an element of order p in G. Since y centralizes P , which is a Sylow p-subgroup of G, it follows that y ∈ P . We conclude that C G (P ) = P . If Z(G) = 1 then necessarily Z(G) = P . Hence C G (P ) = G and G = P . This means that G = P Z(G), and so G is abelian, which is a contradiction. It is now clear that p ∈ π * (G).
The second lemma, which can be easily checked, relates the condition of being a bad prime for mci with the prime graph of G. The set of vertices of this graph is π(G), and two primes p, q ∈ π(G) are connected if and only if there exists an element of order pq in G. The prime graph has been extensively studied in the literature; some of the most relevant references are [3, 5, 6, 8, 13] . The most important fact about the prime graph is that it has at most six connected components, and actually at most two if the group is soluble. Proof. Let us assume that π * (G) is not empty. By Lemma 3.6, we know that π * (G) ⊆ π * (G/Z(G)), and that G/Z(G) has trivial centre. Then according to Lemma 3.7, a prime p lies in π * (G/Z(G)) if and only if p divides |G/Z(G)| only to the first power, and p is an isolated vertex of the prime graph of G/Z(G). If G/Z(G) is soluble then the prime graph has at most two connected components, and (ii) follows. Assume now that G/Z(G) is not soluble.
Then 4 divides the order of G/Z(G), and thus 2 is not a bad prime for mci in G/Z(G). Since the prime graph of G/Z(G) has at most six connected components, it follows that |π * (G)| ≤ 5. If the equality holds then necessarily π * (G) = π * (G/Z(G)), and the prime graph of G/Z(G) has exactly six components. By Theorem B of [14] , G/Z(G) is isomorphic to J 4 the fourth Janko group, and consequently π * (G) = π * (J 4 ). Now, according to Table  IIa of [13] , the prime graph of J 4 has five isolated vertices, corresponding to the primes 23, 29, 31, 37, and 43. Since all these primes divide the order of J 4 only to the first power, it follows that π * (J 4 ) = {23, 29, 31, 37, 43}, and we are done.
Remark 3.9. One can prove (ii) in the previous theorem without using the fact that the prime graph of an arbitrary finite soluble group has at most two connected components. Indeed, assume that G is a finite non-abelian soluble group such that π * (G) is not empty. Let R be a Hall π * -subgroup of G/Z(G), where π * = π * (G/Z(G)), and note that all primes in π * are isolated in the prime graph of G/Z(G), by Lemmas 3.6 and 3.7. Then the order of R is square-free and so by [11, 10.1.10] we can write R = S ⋉ T , where S and T are cyclic subgroups of R of coprime order. Since all vertices of the prime graph of R are isolated, it follows that both S and T are of prime order or trivial, and consequently |π * | ≤ 2. Thus also |π * (G)| ≤ 2. Now parts (ii) and (iii) of Theorem C follow immediately from Theorem B and Theorem 3.8. Simply observe that in the case that |π * (G)| = 5 the product p∈π * (G) p is a fixed number that can be incorporated to the function depending only on m.
To what extent can part (iii) of Theorem C be sharpened? Can we get a bound for the order of G with a product of three primes, instead of four? This question does not have a clear answer, and is connected to deep questions in number theory. Let us have a closer look at it. Assume that |π * (G)| = 4. Then |π * (G/Z(G))| ≥ 4, and the same argument used above shows that the prime graph of G/Z(G) has at least five connected components. If it has six components then G/Z(G) ∼ = J 4 , and we get π * (G) ⊆ {23, 29, 31, 37, 43}. Now if the prime graph of G/Z(G) has five components, then by Theorem 1 of [15] we have G/Z(G) ∼ = E 8 (q) for some prime power q ≡ 0, ±1 (mod 5). By Table Ie of [13] and Table III 
where Φ n (x) stands for the nth cyclotomic polynomial over the rationals.
Since |π * (G)| = 4, it follows that these four connected components must reduce to a single prime, i.e. that the four values in (19) must be prime powers. The corresponding primes are exactly the bad primes for mci in E 8 (q). Now the values in (19) are also divisors of the order of E 8 (q), and since they are powers of bad primes, it follows that those values are actually prime numbers. Hence the following question arises: can the cyclotomic polynomials Φ 15 (x), Φ 20 (x), Φ 24 (x) and Φ 30 (x) take simultaneously prime values on a prime power q? If this can only happen for a finite number of choices of q, then we could incorporate the corresponding bad primes to the function which depends only on m in the bound of Theorem C. So we reformulate the previous question, and ask: can the cyclotomic polynomials Φ 15 (x), Φ 20 (x), Φ 24 (x) and Φ 30 (x) take simultaneously prime values on infinitely many prime powers q? This is a problem in number theory which is connected to the Bunyakovsky conjecture, which asserts that an irreducible polynomial f (x) over the integers such that the values {f (n) | n ∈ N} are relatively prime should take infinitely many prime values over the positive integers. To date this has only been settled (in the positive) for linear polynomials, by Dirichlet's theorem on arithmetic progressions.
